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A CONJECTURAL CLASSIFICATION OF STRONGLY DEPENDENT FIELDS
YATIR HALEVI∗, ASSAF HASSON†, AND FRANZISKA JAHNKE‡
ABSTRACT. We survey the history of Shelah’s conjecture on strongly dependent fields, give an equivalent
formulation in terms of a classification of strongly dependent fields and prove that the conjecture implies
that every strongly dependent field has finite dp-rank.
1. INTRODUCTION
The algebraic classification of algebraic structures satisfying various model theoretic assumptions
is a fruitful line of research in model theory for almost half a century. It originates with Macintyre’s
proof, [27], that ω-stable fields are algebraically closed, later generalized by Cherlin and Shelah to
superstable fields, [2], and with Reineke’s proof, [32], that ω-stable minimal groups are commutative.
The classification of o-minimal ordered rings (they are real closed fields, [30]), of weakly o-minimal
fields (they are also real closed, [28]), of C-minimal fields (they are algebraically closed valued fields,
[15]) and of ω-stable groups of ranks 2 (they are solvable by finite, [3]) are just a few examples of other
results of a similar flavour.
Some of the best known and long standing open problems in model theory concern such classification
problems:
Conjecture 1.1. (1) The algebraicity conjecture Every simple group of finite Morley rank is an
algebraic group.
(2) The stable fields conjecture: Every infinite stable field is separably closed.
(3) The simple fields conjecture Every infinite (super)-simple field is a (perfect) PAC field.
For several decades little (if any) progress has been made on the last two of these conjectures (Duret,
in [7], has shown that the simple fields conjecture implies the stable fields conjecture because a PAC
field is stable if and only if it is separably closed), and the algebraicity conjecture is still wide open.
In the early 2000s Shelah started exploring the problem of finding, among theories without the in-
dependence property (also known as dependent theories or NIP theories), a dividing line analogous
to super-stability among stable theories ([33], [34]). From this research Shelah extracted several sub-
classes of dependent theories, of which strongly dependent theories seemed one of the most natural and
interesting division lines.
As a test for the appeal of this division line Shelah suggested in [34, Conjecture 5.34] the conjecture
that infinite strongly dependent fields are algebraically closed, real closed, or elementary equivalent to
a field admitting a valuation v, with strongly dependent value group and residue field, that eliminates
field quantifiers in some Denef-Pas language, or a finite algebraic extension of the latter.
It is widely believed that every valued field admitting elimination of field quantifiers in a Denef-Pas
language is henselian1. Thus, with time, this conjecture converged into the following more algebraic
formulation:
Conjecture 1.2. Any infinite strongly dependent field which is neither real closed nor algebraically
closed admits a non-trivial henselian valuation.
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As the understanding of dependent fields expanded, it was noticed that there are no known counter
examples to the much stronger:
Conjecture 1.3. Any infinite dependent field which is neither real closed nor separably closed admits a
non-trivial henselian valuation.
In the present short note we will explain the statement of these conjectures, and why Conjecture 1.3
may provide new insight into the stable fields conjecture. Finally, we will show (Theorem 3.4) that
Conjecture 1.2 is equivalent an algebraic classification of strongly dependent fields and implies that
every strongly dependent field is of finite dp-rank.
2. BACKGROUND
Throughout this note (strong) dependence will be used as a black box, and we refer interested readers
to [35] for details. Important for our needs will be the dp-rank, denoted by dp-rk, associated with
any dependent theory: it is the supremum on all cardinals κ such that for any sequence of mutually
indiscernible sequences 〈Ij : j < κ〉 of (possibly infinite) tuples (of a saturated model of T ) there
exists a singleton c such that Ij is not indiscernible over c for all j < κ. In this terminology, T is
strongly dependent if dp-rk(T ) ≤ ℵ0 but one can not find ℵ0 such mutually indiscernible sequences.
It is dp-minimal if dp-rk(T ) = 1. It follows from [35, Exercise 2.14] ([33, Claim 3.14]) that a theory
T is (strongly) dependent if and only if the canonical expansion of T by all imaginary sorts, T eq, is
(strongly) dependent.
Examples of dp-minimal theories include all theories of linear orders, strongly minimal theories,
(weakly) o-minimal theories, p-adically closed fields (and their finite extensions), algebraically closed
(or real closed) valued fields and more. The canonical example of a dependent theory of fields that is not
strongly dependent is that of separably closed fields that are not algebraically closed. It is well known,
[10], that all ordered abelian groups are dependent. Among those, the dp-minimal are those groups G
such that [G : pG] < ∞ for all primes p, [19, Proposition 5.27], and the strongly dependent ones are
those satisfying that |{p : [G : pG] =∞, p prime}| <∞ and G has finite spines [12, Theorem 4.20] or
[9, Section 6].
A crucial fact in the study of Shelah’s conjecture is :
Fact 2.1. [35, Corollary 3.24] [29, Observation 3.8] Let M be a dependent (resp. dp-minimal or
strongly dependent) structure. ThenMsh is dependent (resp. dp-minimal or strongly dependent), where
Msh is the Shelah expansion ofM, namely the expansion ofM by all externally definable sets.
In the above, recall that , if M is any structure S ⊆ Mk (some k) is externally definable if there
exists M ≺ N and an N -definable (with parameters) Sˆ ⊆ Nk such that S = Sˆ ∩Mk. Note that,
for example, if M is a linearly ordered structure, then, by compactness, any cut in M is externally
definable. It is well known (and easy to check) [37, Corollary 8.3] that all externally definable sets in
a stable structure are, in fact, internally definable. So, for example, no stable field admits an externally
definable (non-trivial) valuation.
The above fact is particularly useful when studying valued fields. We remind that ifK is a field, Γ an
ordered abelian group, then a valuation v : K× → Γ is a group homomorphism satisfying v(x + y) ≥
min{v(x), v(y)} where v(0) := ∞. The set Ov := {x : v(x) ≥ 0} is a ring (called a the valuation
ring) and Mv := {x : v(x) > 0} is its unique maximal ideal. The field Kv := Ov/Mv is called the
residue field. The value group Γ is also denoted by vK . Note that vK ∼= K×/O×v (as ordered groups
2)
implying that giving a valuation v onK is the same as specifying its valuation ring.
A valuation w : K× → Γ′ is a coarsening of v if Ov ⊆ Ow. There is a natural bijection between
valuations coarsening v and convex subgroups of the valuation group, vK (see [8, Lemma 2.3.1]). So,
e.g., given a field K (in some language L), if a valuation v is definable on K then any valuation on
K coarsening v is externally definable. It follows that if (K, v) is a dependent valued field then so is
(K,w) whenever w is a coarsening of v.
2The order onK×/O×v is given by [x] ≥ [y] if xy−1 ∈ Ov .
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Finally, we recall that by a theorem of Chevalley (see [8, Theorem 3.1.1]), if (K, v) is a valued field
and K ⊆ L is any field extension, then v can be extended to a valuation on L. We remind that v is
called henselian if it has a unique extension to any algebraic extension. Classical results (starting with
[1]) show that under suitable assumptions the theory of a henselian valued field (K, v) is completely
determined by the theories of the value group, vK , and the residue field, Kv. In particular, this is true
for strongly dependent valued fields (in a suitable language), see [11, Corollary 4.5].
Among henselian valuations on a non-separably closed field,K , there exists a canonical one, denoted
vK . It is the coarsest henselian valuation v onK with separably closed residue field – if such a v exists
– and the finest henselian valuation on K , otherwise (see, [8, Section 4.4] for details). It is non-trivial
if and only if K is a henselian field (i.e., admits some henselian valuation). It follows that a stable field
that is not separably closed is not henselian. Indeed, if K is not separably closed henselian andKvK is
separably closed, then by [17, Theorem 3.10]K admits a definable non-trivial valuation, implying that
K is unstable (since stable structures can not interpret an infinite linear order). IfKvK is not separably
closed then vK is externally definable ([16, Theorem A]), which is again impossible if K is stable.
Moreover, the above argument shows that a non-separably closed stable field cannot be t-henselian, that
is, elementarily equivalent to a henselian field, and since any finite extension of a stable field is itself
stable, the above shows that no finite extension of a stable field is t-henselian.
In particular, Shelah’s Conjecture 1.3 implies the stable fields conjecture. Observe that a weaker
form of Conjecture 1.3 suffices, namely:
Conjecture 2.2. Any infinite dependent field K is either real closed, separably closed, or admits a
definable non-trivial valuation.
We note that, by using a result from a subsequent paper (see [13, Proposition 5.3]) we get:
Fact 2.3. The following statements are equivalent:
(1) Every infinite dependent field is either real closed, separably closed or admits a henselian
valuation.
(2) Every infinite dependent field is either real closed, separably closed or admits a definable
henselian valuation.
So Conjecture 2.2 follows from Conjecture 1.3.
In [13, Proposition 5.4] we show that, assuming Conjecture 1.3, if (K, v) is a dependent valued field
then v is henselian. In particular, Conjecture 1.3 implies that if K is a dependent field and v is any
(externally) definable valuation on K then v is henselian. We do not know whether Conjecture 1.3 is
equivalent to Conjecture 2.2.
It follows from the above discussion that a plausible strategy for proving Conjecture 1.3 would be
to prove separately Conjecture 2.2 and the conjecture that if (K, v) is dependent then v is henselian (or
even the weaker statement that any definable valuation on a dependent field is henselian).
There are reasons to believe that of the two statements above, Conjecture 2.2 is the more challenging
(if only because it implies the notorious stable fields conjecture). There are, however, several tech-
niques for constructing definable valuations. Let us describe briefly one such approach not assuming
t-henselianity of the field (or any of its finite extensions) which was also explored in Dupont’s PhD
thesis (see [6]). A valued field is p-henselian if its valuation extends uniquely to every finite extension
of degree p. A field is p-henselian if it supports a non-trivial p-henselian valuation.
In [23], Koenigsmann characterizes p-henselian fields (of characteristic different from p and con-
taining a primitive pth root of unity) as those fields with G := (K×)p ( K× in which the collection
NG of sets of the form a(G + 1) ∩ b(G + 1) is a basis for a V -topology, namely, a field topology
equivalent to the one induced by the open balls of some non-trivial valuation (see [8, Appendix B] for
details). There is also a corresponding version for characteristic p. As already mentioned, by [18],
every p-henselian field admits a non-trivial 0-definable henselian valuation. Since, by standard Galois
theoretic arguments, every henselian field (which is neither separably closed nor real closed) has a finite
extension satisfying the above assumptions, Conjecture 1.3 implies that every infinite dependent field
that is neither separably closed nor real closed admits a definable valuation.
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Note that given a definable subgroupG ofK , as above, the statement that the collectionNG is a basis
for a V -topology can be expressed by a first order sentence,Ψ, (without parameters). Thus, proving that
an infinite field not satisfying Ψ has the independence property (i.e., is not dependent) seems like a
possible approach for proving Conjecture 2.2 and an important first step in proving Conjecture 1.3.
3. STRONGLY DEPENDENT FIELDS
There are good reasons to believe that Conjecture 1.2 (at least restricted to the finite dp-rank case)
may be more accessible than the full conjecture for dependent fields. For example, the stable fields
conjecture for fields of finite dp-rank has a surprisingly short proof by showing that such fields are
super-stable (of finite U-rank), see [14, Proposition 7.2]. More significant is Johnson’s proof in [20] of
Shelah’s conjecture for dp-minimal fields. Johnson’s proof proceeds, as suggested above: constructing
a V -topology, and then showing that this topology must come form a definable henselian valuation (that
a dp-minimal valued field is henselian was proved independently, using different methods, in [19]). In
his proof Johnson introduces a new approach for constructing a field topology – exploiting heavily the
dp-minimality of the field. In his Phd thesis, Sinclair attempts to generalise Johnson’s construction to
fields of finite dp-rank but leaves major open problems, see [36].
While Conjecture 1.2 remains wide open, despite Johnson’s breakthrough,we can give a more precise
statement of the conjecture. In [21] Johnson proved:
Theorem 3.1 (Johnson). [21, Theorem 9.7.2] A field K is dp-minimal if and only if K is perfect and
there exists a valuation v onK such that:
(1) v is henselian.
(2) v is defectless (i.e., any finite valued field extension (L, v) of (K, v) is defectless, i.e., satisfies
[L : K] = [vL : vK][Lv : Kv]).
(3) The residue field Kv is either an algebraically closed field of characteristic p or elementarily
equivalent to a local field of characteristic 0.
(4) The value group vK is almost divisible, i.e., [vK : n(vK)] <∞ for all n.
(5) If char(Kv) = p 6= 0 then [−v(p), v(p)] ⊆ p(vK).
Remark 3.2. Johnson’s formulation of [21, Theorem 9.7.2] requiresK to be sufficiently saturated and
as a result in (3) above he gets the residue field to be algebraically closed of characteristic p or a local
field of characteristic 0. A proof similar to the one below shows that our reformulation of Johnson’s
result can be obtained from the original theorem.
We suggest that with the obvious adaptations, Johnson’s theorem characterises all strongly dependent
fields:
Conjecture 3.3. A field K is strongly dependent if and only if it is perfect and there exists a valuation
v onK such that
(1) v is henselian.
(2) v is defectless.
(3) The residue field Kv is either an algebraically closed field of characteristic p or elementarily
equivalent to a local field of characteristic 0.
(4) The valuation group vK is strongly dependent.
(5) If char(Kv) = p 6= 0 then [−v(p), v(p)] ⊆ p(vK).
In the present note we show
Theorem 3.4. Conjecture 1.2 is equivalent to Conjecture 3.3.
It is clear that Conjecture 3.3 implies Conjecture 1.2. Indeed, let v be the valuation provided by Con-
jecture 3.3. If v is trivial then, by (3),K is algebraically closed, real closed or elementarily equivalent to
a finite extension ofQp. If v is non-trivial Shelah’s conjecture follows from (1). So we focus on proving
the other direction.
An angular component map on a valued field (K, v) is a multiplicative group homomorphism ac :
K× → Kv× such that ac(a) = res(a) whenever v(a) = 0, we extend it to ac : K → Kv by setting
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ac(0) = 0. Every valued field (K, v) has an elementary extension with an angular component map on it,
see [38, Corollary 5.18]. An ac-valued field is a valued field equipped with an angular component map.
The 3-sorted language of valued fields augmented by a function symbol ac for the angular component
map is called the Denef-Pas language. We will repeatedly use the following:
Fact 3.5. Let (K, v) be an ac-valued field eliminating field quantifiers. If Kv and vK are strongly
dependent then so is (K, v, ac).
Proof. This is basically [34, Claim 1.17(2)] combined with [5, Theorem 5]. 
That any field satisfying conditions (1)-(5) of Conjecture 3.3 is strongly dependent is, esssentially, the
content of the main results of [11]. Indeed, if v is trivial, then by (3), K is strongly dependent (in fact,
dp-minimal). Otherwise, pass to an ℵ1-saturated elementary extension of (K, v), so we may assume
that (K, v) is ac-valued. Conditions (1)–(5) are elementary and thus still hold. Any field satisfying
conditions (1) and (2) is algebraically maximal. Condition (3) implies that the residue field is strongly
dependent, and therefore – if it is of characteristic p > 0 – has no finite extensions of degree p by [22,
Corollary 4.4]. Condition (5) implies, with all of what we have already said, that (K, v, ac) eliminates
field quantifiers by [11, Theorem 1] (in the notation there, (K, v) |= T1). Consequently, by Fact 3.5,
(K, v, ac), and thus (K, v), is strongly dependent. Hence K is strongly dependent in the language of
rings.
The following observation, with the obvious adaptations is true for any dependent field (assuming
Conjecture 1.3), see [13, Proposition 5.3]. For completeness we give the proof for strongly dependent
fields.
Lemma 3.6. Assume Conjecture 1.2. Then any infinite strongly dependentK admits a henselian valua-
tion v (possibly trivial) such thatKv is real closed, algebraically closed or finite. In particular, any in-
finite strongly dependent field that is neither real closed nor algebraically closed admits a (∅-)definable
henselian valuation (in the language of rings).
Proof. Let K be an infinite strongly dependent field. We first show the existence of a henselian valu-
ation v on K with Kv finite, real closed or algebraically closed. We may assume that K is neither al-
gebraically closed nor real closed (otherwise take v to be the trivial valuation). If K admits a henselian
valuation, v, with Kv separably closed, then by [12, Proposition 5.2] Kv is strongly dependent and
thus by [34, Proof of Claim 5.40] already algebraically closed. So we may assume that this is not the
case, i.e. that every non-trivial henselian valuation on K has non separably closed residue field. By
[8, Theorem 4.4.2], there exists a finest henselian valuation with non separably closed residue field, the
canonical valuation vK . Notice thatKvK is non henselian. Indeed, if it were henselian then composing
the corresponding place with K → KvK would yield a henselian valuation on K strictly finer than
vK , contradiction. Since (K, vK) is strongly dependent ([12, Theorem 2]) so is KvK , and applying
Conjecture 1.2 again, we get that it is finite or real closed.
The second statement follows since any field K that admits a non-trivial henselian valuation with
residue field Kv finite, real closed or algebraically closed supports a nontrivial ∅-definable henselian
valuation (see [17, Proposition 3.1, Theorem 3.10 and Corollary 3.11 respectively]). 
Recall that a ℘-adically closed field is a p-valued field of p-rank d (in the sense of [31]) which does
not admit any proper algebraic extension of the same p-rank. This is a first order property by [31,
Theorem 3.1]. The following is folklore.
Fact 3.7. Every ℘-adically closed field is elementary equivalent to a finite extension of a p-adic field,
Qp.
Proof. Let (K, v) be a ℘-adically closed field, which we may assume to be sufficiently saturated and
thus containing an isomorphic copy of Qp. Let L be the intersection of K and Qalgp (taken inside
Kalg). It is also ℘-adically closed of the same p-rank asK by [31, Theorem 3.4]. Thus L is elementary
equivalent toK by model completeness [31, Theorem 5.1]. On the other hand, L is a finite extension of
Qp since it has finite ramification index and finite inertia degree, see [31, page 15]. 
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We can now prove the left to right direction of our main result:
Proposition 3.8. Assume Conjecture 1.2, then Conjecture 3.3 holds.
Proof. Let K be an infinite strongly dependent field. If K is real closed or algebraically closed, take
v to be the trivial valuation, and there is nothing to prove. So we assume this not to be the case. By
Lemma 3.6 there exists a henselian valuation v on K such that Kv is real closed, algebraically closed
or finite.
By [21, Theorem 4.3.2] (K, v) is defectless and by Theorem 5.14 of the same paper (K, v) is strongly
dependent. Thus, vK is strongly dependent. If Kv is infinite then Conjecture 3.3(5) follows from [11,
Lemma 2.7].
Assume Kv is finite. Thus [0, v(p)] is finite by [12, Proposition 5.13] and so (K, v) is a p-valued
field. Let∆ is the convex subgroup of vK generated by v(p). Then the residue field,K1, associated with
the coarsening w : K → vK/∆ is ℘-adically closed by [31, Section 2.2, Theorem 3.1] and elementary
equivalent to a finite extension ofQp by Fact 3.7 (i.e. a non-archimedean local field of characteristic 0).

Finally, we point out that Conjecture 1.2 has further implications on strongly dependent fields:
Proposition 3.9. Assume Conjecture 1.2. Then every strongly dependent field has finite dp-rank.
Proof. Since the conclusion of the lemma is well known for algebraically closed, real closed and finite
fields, we may assume that this is not the case. Fix a strongly dependent field K . Since dp-rk(K)
is invariant under elementary equivalence, there is no harm assuming that K is ℵ1-saturated. Fix a
henselian valuation v onK , as provided by Conjecture 3.3. If v is trivial, there is nothing to show.
SoK is an ac-valued field. By [12, Theorem 5.14] we know that (K, v) is strongly dependent, and as
in the paragraph after Fact 3.5, (K, v, ac) is strongly dependent. By definition, the dp-rank of (K, v, ac)
is at least that of (K, v), so it will suffice to prove that the dp-rank of (K, v, ac) is finite.
In case (K, v) is of equi-characteristic 0, the lemma follows from [4, Theorem 7.6(2)], the fact that
vK has finite dp-rank [12, Theorem 1] and the dp-minimality ofKv.
The general case follows from, essentially, the same argument. Here are the details: Since (K, v)
is strongly dependent and Kv is infinite, (K, v, ac) eliminates field quantifiers (see [11, Theorem 1], it
is a model of T1 in the notation there) and it follows that Kv and vK are stably embedded. So their
respective dp-ranks (as pure structures) are the same as their dp-ranks with the structure induced from
(K, v, ac). In particular, dp-rk(vK) <∞ by [12, Theorem 1] and dp-rk(Kv) ≤ 1 by the choice of v.
It follows from [4, Lemma 7.12] that there is no inp-pattern of depth ω whose formulas are of the
form
∨
i<n
(ξi(x)∧ρi(x)), where ξi(x) :=
∧
ξji (v(x−c
j
i ), d
j
i )) with ξ
j
i in the language of ordered abelian
groups, and ρi :=
∧
ρji (ac(x− c
j
i ), e
j
i ) with ρ
j
i in the language of rings.
In the equi-characteristic 0 case, the result now follows from cell decomposition, which implies that
any formula is equivalent to one as above. In general, it follows from elimination of field quantifiers,
and [5, Theorem 5] any type over a model is isolated by formulas as above. By compactness, every
formula is equivalent to one of the above form, so the result follows.

Remark 3.10. In Sinclair’s PhD thesis he shows that, in fact, if (K, v, ac) is a strongly dependent
henselian valued field with Kv infinite and with an angular component map, then dp-rk(K, v, ac) =
dp-rk(vK)+ dp-rk(Kv) where on the left hand side the dp-rank is computed with respect to the Denef-
Pas language, and on the right hand side it is computed with respect to the language of ordered abelian
groups and the language of rings respectively [36, Theorem 2.2.7].
It follows from [11, Corollary 4.4] that, combined with the main result of [12], Conjecture 3.3 deter-
mines all possible first order theories of strongly dependent fields. The following is a special case of an
unpublished result of S. Anscombe and the third author:
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Theorem 3.11. LetK be an infinite strongly dependent field and let vK be the (possibly trivial) canon-
ical henselian valuation onK . Assuming Shelah’s conjecture 1.2, one the following holds:
(1) KvK is real closed or algebraically closed of characteristic 0 andK ≡ R((Γ)) orK ≡ C((Γ))
(as fields) where Γ ≡ vKK (as ordered abelian groups) and Γ is strongly dependent.
(2) charK = p > 0,KvK is algebraically closed, (K, vK) is tame Kaplansy andK ≡ Fp((Γ)) (as
fields) where Γ ≡ vKK (again, as ordered abelian groups) and Γ is strongly dependent.
(3) char(K,KvK) is of mixed characteristic (0, p) and KvK is finite. Then K ≡ Q((Γ)) (as
fields) where Q is a finite extension of Qp and Γ is strongly dependent.
(4) char(K,KvK) is of mixed characteristic (0, p) and KvK is infinite. In that case KvK |=
ACFp and K ≡ L((Γ)) (as fields) where L is a field admitting a rank 1 valuation v turning
it into a mixed characteristic tame Kaplansky field, with residue field as in (2) above and Γ is
strongly dependent
Moreover, any of the fields described in clauses (1)− (4) is strongly dependent.
Proof. Note that by [12, Theorem 5.14] (K, vK) is strongly dependent.
In case char(K,KvK) = (0, 0), it follows from (the proof of) Lemma 3.6 thatKvK is real closed or
algebraically closed. That Γ := vKK is strongly dependent follows from [12, Proposition 5.11]. Since
KvK is strongly dependent by assumption, the fact thatK is as in (1) follows from Ax-Kochen-Ershov
(see also, [11, Corollary 4.4]).
AssumeK is strongly dependent, Shelah’s conjecture holds and char(K,KvK) = (p, p) for a prime
p > 0. The proof that thenK is as described in (2) is similar, noting that by [11, Lemma 5.12] (K, vK)
is algebraically maximal Kaplansky (see [12, Definition 5.10] for the details).
In the case where char(K,KvK) = (0, p) is mixed, we separate into cases depending on whether
KvK is finite or infinite. In caseKvK is finite, consider the composition of places
K
∆/∆1
−−−−→ L
∆1/∆0
−−−−→ K ′
∆0−−→ KvK .
where ∆ := vKK and ∆0 < ∆1 ≤ ∆, where ∆0 is the maximal convex subgroup not containing
vK(p) and ∆1 is the minimal convex subgroup containing vK(p). Since KvK is finite, the proof of
Proposition 3.8 shows that ∆0 is trivial and L is ℘-adically closed. That K is as in (3) now follows by
Ax-Kochen-Ershov applied to K
∆/∆1
−−−−→ L. That Γ := ∆/∆1 is strongly dependent follows, again, by
[12, Proposition 5.11].
ForKvK infinite, we consider the same decomposition as above. As before, we haveK ≡ L((∆/∆1)).
By the equicharacteristic p case above,K ′ ≡ Fp((∆0)) and L is a rank 1, mixed characteristic tame Ka-
plansky field (by [12, Theorem 5.13]). Since algebraically maximal Kaplansky fields admit elimination
of field quantifiers in the Denef-Pas language, the theory of L is completely determined by the theory
of ∆1/∆0 (in the language of ordered abelian groups) and of K ′ (in the language of rings). Moreover,
by [24, Corollary 2.15] and [25, Theorem 5.3] for every p-divisible ordered abelian group Γ, and any
strongly dependent field k of characteristic p, there exists a (up to elementary equivalence) unique tame
Kaplansky field (L, v) of mixed characteristic (0, p) with vL ≡ Γ and Lv ≡ k.
The moreover follows by [11, Lemma 4.8]. 
Recall that a fieldK is called bounded ifK has only finitely many Galois extensions of degree n for
each n. The above theorem shows that – assuming Shelah’s conjecture – boundedness is the dividing
line between dp-minimal and non-dp-minimal strongly dependent fields:
Corollary 3.12. Assume Shelah’s conjecture 1.2 and let K be a strongly dependent field. Then K is
dp-minimal if and only ifK is bounded.
Proof. Both directions are straightforward, although the proofs are lengthy. We first use Johnson’s
classification to show that dp-minimal fields are bounded. LetK a dp-minimal field. Since finite fields
are bounded, we may assume that K is infinite. Thus, by [21, Theorem 9.7.2] (more precisely, its
rephrasing as Theorem 3.1 above), K admits a defectless henselian valuation v with residue field Kv
algebraically closed of characteristic p or elementarily equivalent to a local field of characteristic 0.
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Moreover, we have [vK : n(vK)] < ∞ for all n ∈ N and, in case char(Kv) = p 6= 0, we have
[−v(p), v(p)] ⊆ p(vK). Note that in each case, Kv is bounded. Let Kalg denote an algebraic closure
of K , let u denote the (unique) extension of v to Kalg and write GK for the absolute Galois group of
K . We will argue using the ramification subgroupR(u/v) and the inertia subgroup I(u/v) of GK . For
an introduction to these groups and their properties, see [8, Ch. 5]. We now split into cases depending
on whether (K, v) has mixed characteristic or not.
(1) If char(K) = char(Kv), we claim thatR(u/v) is trivial. This is obvious in case char(Kv) = 0
(see [8, Theorem 5.3.3]), and follows from the fact thatK admits no Galois extensions of degree
divisible by p in case char(K) = p > 0 ([22]) since R(u/v) is a pro-p group (once more [8,
Theorem 5.3.3]). Now, [8, Theorem 5.3.3] implies that we have
I(u/v) ∼=
∏
q 6=p
Zrqq ,
where p = char(Kv) and for each prime q 6= p, rq is the Fq-dimension of the quotient
vK/q(vK). SinceK is dp-minimal,the index [vK : q(vK)] and thus rq is finite for all primes
q. By [8, Lemma 5.2.6], there is an exact sequence
1 toI(v/w)→ GK → GKv → 1.
Now, sinceKv is bounded,GKv admits only finitely many continuous quotients of index n for
each n ∈ N, and the same holds for I(u/v). Thus, by Galois correspondence,K is bounded.
(2) In case char(Kv) = p 6= char(K), let w denote the finest coarsening of v of residue character-
istic 0, i.e. the valuation corresponding to the convex subgroup of vK generated by v(p). Since
we also have [wK : n(wK)] finite for all n ∈ N, the arguments given in case (1) imply that it
suffices to show thatKw is bounded. Let v¯ denote the valuation induced by v onKw. It follows
from the characterization of v that v¯ is defectless, the value group v¯(Kw) is p-divisible and the
residue field (Kw)v¯ = Kv is algebraically closed. Thus, Kw admits no Galois extensions of
degree divisible by p (and hence the ramification group is trivial) and is thusKw is bounded by
the same reasoning as in (1).
Now, assume Shelah’s conjecture holds and letK be an infinite strongly dependent field. By Theorem
3.4, K admits again a defectless henselian valuation v with residue field Kv algebraically closed or
elementarily equivalent to a local field of characteristic 0. Moreover, vK is strongly dependent and
in case char(Kv) = p 6= 0, we have [−v(p), v(p)] ⊆ p(vK). In particular, if char(K) = p > 0,
then vK is p-divisible. By Johnson’s Theorem (see [21, Theorem 9.7.2] or Theorem 3.1 above), K
is dp-minimal if we have [vK : n(vK)] < ∞ for all n ∈ N. Thus, it suffices to show that if [vK :
n(vK)] = ∞ for some n ∈ N, then K is not bounded. This is a standard argument: Assume that we
have [vK : n(vK)] = ∞ for some n, then we get [vK : q(vK)] = ∞ for some prime q. Note that we
necessarily have q 6= char(K). IfK does not contain a primitive qth root of unity, consider the (Galois)
extension L = K(ζq) and let w denote the unique prolongation of v to L. Since [wL : vK] is finite,
we also have [wL : q(wL)] = ∞. This implies that the index [L× : (L×)q] is infinite. By Kummer
theory (see [26, Ch. VI §8]), there is a one-to-one correspondence between the set of finite subgroups
of L×/(L×)q (of which there are infinitely many) and the cyclic extensions of L of degree q. Thus, L
has infinitely many Galois extensions of degree q and henceK has infinitely many Galois extensions of
degree [L : K] · q. 
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